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1 A simple pendulum of mass ms is free to oscillate in the vertical plane z — y.
At its point of support the pendulum is attached to a mass m; which is free to
move along the line y = 0.

Y

(a) Show that the Lagrangian for this system is
1 1 . .
L= 3 (my + my) &% + gMa (l2¢2 + 2lx¢ cos gb) + magl cos ¢,

where ¢ is the angular displacement of the pendulum and x is the horizontal
position of the mass m;, as shown in the figure.

(b) Deduce the canonical momenta p, and p, conjugate to the generalised
coordinates x and ¢ and show that p, is a conserved quantity.

(c¢) Show that the path of my is the arc of an ellipse if p, = 0.

(d) For the case considered in (c) derive an expression for the energy E of
the system and use it to show that the time ¢ taken for the pendulum to
move from angle ¢; to ¢9 within a single oscillation is given by

P Mo /¢2d¢ my + mo sin’ ¢
oV 2(mg +my) 1 E 4+ mayglcos¢’

2 A harmonic oscillator is weakly perturbed by a cubic potential A\x?® so that
its Hamiltonian has the form

o1
H="— 4+ —mw?2® + \2?*,
2m = 2

where )\ is small.

(a) Find constraints on the parameters «;, 3; which make the coordinate
transformation

r = X+ o X2+ 205XP + a3P?
p = P+ X*+26,XP + (B3P

canonical to first order in «; and (.
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(b) Carry out the canonical transformation from part (a) on the Hamiltonian
H and find values for the parameters «;, §; in terms of m, w and A which
make the transformed Hamiltonian K (X, P) harmonic to first order in a;
and f3;, i.e.

P? 1
K(X,P)= o + imsz2 +0(a?, 5?),
and state the resulting canonical transformations.

(c) Use Hamilton’s equations for K to find expressions for X (¢) and P(t) to
first order in a; and (3;.

(d) Use your answers to parts (b) and (c) to find expressions for x(t) and
p(t) and comment on the effect of the perturbation.

Show explicitly that the Lagrangian

1
L:§mv2+e'v-A—e¢

yields the correct equation of motion for a particle of (positive) charge e and mass
m moving in an electromagnetic field:

Ez—V(ﬁ—a&—? and B=VxA,

where A and ¢ are the usual electromagnetic potential functions.

Explain what is meant by gauge invariance in this context.
In terms of cylindrical coordinates (r, 6, z), the potential functions are

¢ = Xz% and A = (0, ur,0), where \ and p are positive constants.

(a) Use the Euler-Lagrange equations to derive the (three) equations of
motion of the particle.

(b) Determine the total energy of the particle and show that it is a constant
of the motion.

(c¢) Show that the Euler-Lagrange equation for 6(t) gives rise to a second
constant of the motion.

(d) Describe the motion of the particle given that r is constant, r = R, and
the angular velocity is non-zero, 6 # 0.

(e) Explain the significance of the special case A = (2eu?/m)n?, where n is
an integer.

(TURN OVER
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4 The Klein-Gordon Lagrangian density for a real scalar field ¢(x,t) is

1 1
Lxale] = 5(0"¢)(9up) — 5m*¢%,
where 0" represents the differential operator (0/0t, —V). Use the Euler-Lagrange
equations to derive the equation of motion: 5]

"o +m?p = 0.
The Fourier transformed field ¢(k, t) is defined by

oz, 1) = / Bk Gk, t) e,

Find and solve the equation of motion satisfied by ¢(k, ). 5]
A dynamical system is described by two real scalar fields, ¢; and o, with
Lagrangian density
L = Lxcle1] + Lralpz) + Lint,

where the interaction term is Li, = g2, with g a real constant, 0 < g < m?.

Derive the (two) coupled equations of motion for the system. [5]
Solve these equations to obtain general solutions in terms of the Fourier
transformed fields ¢;(k, ). 9]
At time ¢ = 0, the system is in a state corresponding to
Op1 Oy
= A 1 I, _— = — = = 0’
Y1 sin(q - @) ot ot Y2
with A and q a constant scalar and vector respectively. Find ¢; and ¢ for ¢t > 0. [9]
5 State Noether’s theorem and explain its significance. 5]

A Lagrangian density L is a functional of a scalar field ¢(x,t). If the
Lagrangian is invariant under an infinitessimal field transformation of the form

©— @=p+oip,

show that there is a continuity equation

aJ, 0
+ =0,
oxr Ot
where ar or
= _6 9 Jac = 5 )
P D% ¥ B 2
and ¢ and ¢’ denote partial differentiation with respect to ¢t and x respectively. [10]
Generalising to 3 spatial dimensions, and using covariant notation, show that this
corresponds to conservation of the Noether current J*, i.e. 9,J* = 0, where 3]

oL

JH = 0.
2(00) "
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The Lagrangian density for a scalar field in n space-time dimensions,
QO(t, L1, L2y «ry xn—l)v is

1
L= 5(0,0)(0"0) ~ o',

where 0" = (0/0t, —0/0x1, —0/0xs, ..., —0/0x,_1) and hence J,2" = n. Use the
Euler-Lagrange equations to derive the equation of motion 5]

I"0,p + 4N = 0.
A current J* is defined by

JH = (o +2"0,p)0M p — L.

Show that

o J" = (n—4)L,

and hence that J# is a conserved current only in 4 space-time dimensions. [10]

6 An infinite one-dimensional system has a temperature distribution 7'(z, t)
given by the heat transmission equation

82T+2 8T+182T (2.1)

——— 4+ 20— + - — = s(x,t),

Ox? at 2 ot?

where s(z,t) is a heat source, and « and ¢ are positive constants.
(a) Use Fourier methods to show that the Green’s function

Glk;t—1t') = / e R =Gz, 2t 1) da

oo

for this heat equation has the form

Glkit—t) = 0 t<t

1 /
= U ginh Va2 — R2E(E—t)  t>t

/o2 — k2]
and comment on the result. [19]

(b) Find the temperature T'(z,t) of the system if s(x,t) = cos(pz)d(t — to)
and T'(x,t < ty) = 0, for the two cases a > p/c and o < p/c and discuss your
results. [14]
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