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Overview
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* Background: Topology and interactions in tight-binding models
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4 )
* FCl beyond Chern number one: composite fermion theory
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e Nlumerical Results for the Hofstadter model 2
V —
r|Ck| + 1

» confirmation of series of states:

Part |l

* The role of band geometry for stability of FCI: Single Mode
Approximation to quantum Hall liquids / fractional Chern insulators
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Quantum Hall Effect: Blueprint of Topological Order

» a macroscopic quantum phenomenon: magnetoresistance in 2D electron gases

Where?

» in semiconductor hetero-
structures with clean two-
dimensional electron gases

» at low temperatures (~0.1K)
and in strong magnetic fields

kT < hw. = heB/m,

What?

» plateaus in Hall conductance

62

Tay =V

» simultaneously: (near) zero
longitudinal resistance

2D electron gas

3_

RXX
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m

» many different phases: different order at each Hall plateau

» no local order parameter for any of these phases!
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Integer Quantum Hall Effect

» single-particle eigenstates (=bands) in a homogeneous H=
magnetic field: degenerate Landau levels with spacing Aw,.

We = eB/me cyclotron frequency

» degeneracy per surface area: dy;, = eB/h

» fill a number of bands = integer filling factor IV = n/dLL

4 p
= large gap A for single particle excitations:

ho

naively, we should have a band insulator >
- J

: : 000000 -
» There must be something special about Landau-levels!
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Semiclassical picture: skipping orbits
- I —

at edge of sample, ‘skipping orbits’
\ U AW R W Lo contribute a uni-directional current

cyclotron motion produces no net
«— current in bulk of sample

picture for quantum transport:

fv\\v fvx\v A absence of backscattering

= dissipationless current

J = no voltage drop along lead!

2

=) ooy :u%

several LLs
filled:

low-energy or ‘gapless’
excitations present
near boundary
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Fractional Quantum Hall Effect (FQHE)

» plateaus seen also for non-integer Vv
» not filled bands - but similar phenomenology as integer filling:

E A
A
A="?
ho
7N
L 1 ] ISISISIS -
g 13/9 12/56
. . . | 19/7 16/7
» nature of interactions determines how the system behaves: o« /Lu |
>\ \). \./\J. .\0_0
9 R . 32 34 36 38 40 42
T—eA;)” + Vi(lr; —r; MAGNETIC FIELD [T]
J
o 1<J
J L 4
Y
within Landau-level: interactions determine T
Kinetic Energy=constant quantum state < >
2
€
= FQHE is an inherently many-body phenomenon V(I‘) =
dmeq|r)

» each Hall plateau represents a kind of topological order
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Why is the fractional quantum Hall effect important?

source of very unusual physics, for example:
» quasi-particles with fractional electronic charge

e.qg., ¢ =e/3

» manipulations of quasiparticles could provide
the basis for a quantum computer that is

protected from errors!

E A . .
opological
- _ _ ¥y __ T
——— ——'<— degeneracy of low-
Some quantum # lying states
» quantum operations by braiding quasiparticles
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Quantum Hall effect without magnetic fields
— I

The fractional quantum Hall effect is observed under extreme conditions

» strong magnetic fields of several Tesla
» very low temperatures

» clean / high mobility semiconductor samples

Opportunities for creating novel types of quantum Hall systems

|. Cold Atomic Gases

» both bosons and fermions
» highly tuneable: density, interactions, tunnelling strengths, (effective) mass, ...
» different types of experimental probes: local density, velocity distribution, correlations

2. Novel classes of materials

» strained graphene / 2D crystals
» materials with strong spin orbit coupling, such as topological insulators

3. Photons
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Strategies for simulating magnetic fields
— I

» Simulate a physical effect that a magnetic field B exerts particle of charge ¢

Signature Simulated by
Lorentz Force Fp =q¥ x B Coriolis Force in Rotating System
&
Aharonov-Bohm Complex Hopping Amplitudes A4 in Optical Lattices

Effect W o exp {@% /j. df} @D—<0
o ZAQB — 27Tn¢
]

Berry Curvature

Same physics seen in reciprocal space...
of Landau levels
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Landau-levels as a topological band-structure
— I

» Can we see in which way Landau-levels are special, just by looking at the wavefunctions?

Recipe for calculating the

Start with an analogy:
twist in this Mobius band:

» choose a closed path around the
surface

» construct normal vector to the
surface at points along the curve

» add up the twist angle while moving
along this contour
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Calculating the Berry phase

I
Michael Berry (1984)

Calculate how wavefunction evolves while moving
adiabatically through curve C : k(?), t=0...T

Local basis H’“E> — eE‘uE>
Phase evolution has two components:

1

) = e {1 [ egoit’bexp (90} g

- J \ J
Y Y
dynamical time R
: twist
evolution

k4
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Berry curvature and Chern number
— I

Geometrical phase analogous to Aharonov-Bohm effect

fy<c>=z'/< sl dk = | AlhdF

Effective ‘vector potential’ called Berry connection

AR =i / e (7)* ¥ e (7) d2r
UC

Using Stokes’ theorem: L
T
>
(C) = / ARydi = [ Vi x A(R)de
C S
C=0S
Berry curvature: E = ﬁk X /T(]Z) is a property of the band eigenfunctions, only!
Chern number: C = L f d’k B(k) takes only integer values!
' 2w JBZ y INtee |

e Chern number provides classification of all possible single-particle bands (class A)
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Quantum Hall Effect in Periodic Potentials
- I

* Harper-Azbel-Hofstadter model:

* quantized Hall response in filled bands: tight-binding model for electrons in magnetic

e? field = bands with finite Chern number
Oxy — 7 § Cn
filled bands H=-J) [bLbﬁ@iAaﬁ + h.c.}
Thouless, Kohmoto, Nightingale, de Nijs 1982 (e, B)

e Chern-number for periodic systems

C =5 [, d°kB(k)

figure: Avron et al. (2003) 7”L¢

* the Hofstadter spectrum provides bands of all Chern numbers

* filled bands in this spectrum yield a quantized Hall response
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Fractional Quantum Hall Effect in Periodic Potentials

* quantized Hall response in partially filled bands!?

* THEORY: Kol & Read (1993) (v, B)

PHYSICAL REVIEW B VOLUME 48, NUMBER 12 15 SEPTEMBER 1993-11

Fractional quantum Hall effect in a periodic potential

A. Kol and N. Read®
Departments of Physics and Applied Physics, P. O. Box 2157, Yale University, New Haven, Connecticut 06520
(Received 28 May 1993)

The fractional quantum Hall effect in a periodic potential or modulation of the magnetic field is stud-
ied by symmelry, topological, and Chern-Simons field-theoretic methods. With periodic boundary con-
ditions, the Hall conductance in a finite system is known to be a fraction whose denominator is the de-
generacy of the ground state. We show that in a finite system, translational symmetry predicts a degen-
eracy that varies periodically with system size and equals | for certain commensurate cases which we ar-
gue are physically representative. However, this analysis may overlook gaps due to finite-size effects that
vanish in the thermodynamic limit. This possibility is addressed using a fermionic Chern-Simons field
theory in the mean-field approximation. In addition to solutions describing the usual Laughlin or Jain
states whose properties are only weakly modified by the periodic background, we also find solutions
whose existence depends on the presence of the background. In these incompressible states, the Hall
conductance is a fraction not equal to the filling factor, and its denominator is the same as that of the
fractional charge and statistics of the elementary quasiparticle excitations.

W
e Confirmations for such states!?

Gunnar Moller
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Fractional Quantum Hall on lattices: Numerical Evidence
- I

* interest in cold atom community 2000’s:

* realisations of tight-binding models with complex hopping from light-matter coupling;

PRL 94, 086803 (2005) PHYSICAL REVIEW LETTERS wock ending
B 4 MARCH 2004
Fractional Quantum Hall States of Atoms in Optical Lattices
"
n < . 123 ~ P
. 2 N 4 e » Anders S..Sorcn.scn. Eugene Demler,” and Mikhail D. Lukin'~
~ " o ’A - ‘ Al Iunurdu?mrkummr. Center for Astrophysics, Harvard University, Cambridpe, Massachusetrs 02138 USA
. B N - ; l h’».nu Department, Harvard Universiry, Cambridge, Massachusetts 02138 /SA
- J P P / Niels Bohr lru.‘:r.:.un L‘mwrmv of Copenhagen, DK-2100 Copenmhagen @, Denmark
- .y - -~ - - / (Received 6 May 2004; published 2 March 2005)
- - g | P - ’
- : ol R . / ’h:lc l'l‘t)\r;.ht .s' mdh%\! _lu Create fractional quantum Hall states of atoms confined in optical lattices. We
= e~ - -— < ; ',:l ‘fl n( :lcdd; I’.L'!.m;\.ul the smoms in the lamice is analogows 10 the motion of a charged particle in a
B 4 o W Mgnclc Niedd if an oscillating quadnepole potential is applied together with a periodic modulation of the

tunneli i i i
) ’ ng- between l:m.nc sites. In a suitable parameter regime the ground state in the lattice is of the
factional quantum Hall type, and we show how these states can be reached by melting a
state in a superlattice potensial Finally, we discuss 1ec hniques 10 observe these strongly coerelated staes

—w

Mott-insulator

(a) |=SE=5Rwew5 ) (b) 0.3
O w

T 1 o D Bx
H=—1Y [bnge Aap h.c.] +5U Y falfia=1) 09 © | qog o 0P
<Oé,5> (8 08 ] % p x ] .;

* bosons with onsite U: many-body gap in the half-filled - | 0.1 ,
“synthetic Landau-level” persists to large flux density f

0.6 - 0
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Fractional Quantum Hall on lattices with higher Chern-# bands
— I

* bands of the Hofstadter model go beyond the continuum limit and support new classes of
quantum Hall states

many-body gap predicted by CF theory JAN

theory:
bosonic Hall states
on the lattice

numerical verification
for what we would now
call FCI states with V=1
e C=2 band

* hardcore bosons

n¢1 (N=5 particles)

>n=1/9: O = [{(Ucp|GS)|* ~ 0.46
>n=1/7: O = [{Ucr|GS)|* ~ 0.56

0.8

GM & NR Cooper, PRL 2009
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Chern bands in more general tight binding models
— I

* Original proposal for IQHE without magnetic fields: Haldane (1988)

Chern numbers

3V3 v=0
M
t 0
-3/3 v=0
-1 0 mP

M_ P, . A/ Q\ ‘ /f\,
/N l; .\‘/)(\//‘

T. Neupert et al.

K.Sun et al. E.Tang et al.

Numerical confirmation: D.Sheng; C. Chamon; N. Regnault & A. Bernevig, ...
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Fractional Quantum Hall Effect in Topological Band Models

» Question: quantum Hall effect in general lattice models?

» Topological order is invariant under continuous / adiabatic deformations!
r p

» Approach: Continuously deform a fractional quantum Hall state into a
fractional Chern insulator without closing the gap.

- J
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Adiabatic Continuation of QH liquids in different systems
— I )

4 )

® use Hilbert spaces with the same overall structure (based on Wannier states) to study the
low-lying spectrum numerically (exact diagonalization)

® adiabatically deform many-body Hamiltonian of FQHE to a fractionally filled Chern band:

H(zx) = Arcr (1 — 2)HTMHE 4 gy P
ArQHE

® £.g.: half-filled band for bosons & contact repulsion

(N=10)
FQHE of Bosons at - S Half filled band of the
— 0.14 | nibg E RN |
v=1/2 ] 0.05 0.05 | _ (flattened) Haldane-model
continuum Landau-level ~ 1| 100 e
0.1L0 5 1015 0123 41
Laughlin state K, k,
0.08 |+
m RN E— —— = ==
0.06 F L T ED
B 0.04:—=
x =0
002 ++++++++
0L T . . . '
0 0.2 0.4 0.6 0.8 1

X
Th. Scaffidi & GM, Phys. Rev. Lett. (2012)

Gunnar Méller Cargese, September 2015




Chern numbers |C|>1 in the Hofstadter Problem
— I

» Harper / Hofstadter: systems with Magnetic Field and periodic potentials

» twisted graphene bilayers: Kim et al. (2013) » optical flux lattices: MIT / Munich (2014)

VOLUME 49, NUMBER G PHYSICAL REVIEW LETTERS 9 AucusT 1982

Quantized Hall Conductance in a Two-Dimensional Periodic Potential

D. J. Thouless, M. Kohmoto,'”®! M. P. Nightingale, and M. den Nijs

Depavtment of Physics, Unfversity of Washington, Seattle, Washington 98195
{Received 30 April 1952}

Oy =

ie® f 2 f du* du  dux* Bu)
27 24 4 dz”(akl ok, ok, ok,

2

_ ie? o [, x0u  du*x N\ _© N

T 4mh Efdkifdy(“ ok, ok, ”)’ h Z n
n
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New Universality classes of FQH states
— I

single-particle spectrum Simple Heuristics: Composite Fermions

\ \ NnNg = TN +n:<b Q+:

; '- | X w2
1. | | i
/M o - 4 | e e (NG ST I N N
uj - ‘4

v
|
S |

» higher Chern number bands yield new series of Abelian quantum Hall states!

J

first numerical evidence: GM & N.Cooper Phys. Rev. Lett. 103, 105303 (2009)

Gunnar Méller Cargese, September 2015
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Densitz of filled bands in the Butterfly: Wannier Diagram

Wannier, Phys. Status Solidi. 88, 757 (1978)
Tracing Gaps in g and n

A\ iy fi
AN\ | : | /[ C. slope D: ffset
AT \® i3 o1 b ) AN B A= i i H
a\E \ Y e N [ Al B e ) B . . O Se
A \A aNTH g | 1) gl 1 g ] p 5

=3\ \ A g /"" 7 Al g d £
Ei\y ) e 1 i
31\Y G i 'ﬂ-"‘"i!.}"-'!? Ak ' —
R g i e dak g ii=
£ ff LA L 1P § oo
:-\.--.:igl IL§ F \ r 4 b l_- i 5" . |;;._:
3 LY, L 1|4 i r_;::'\ el; gt / | J P
H 118l VA iz I i ¥ ]

(] o

oy 1 = = AL H

i i wEl

A I = 11 i (1 L ! i

h | 5 )
[\ I‘ II [} 1 I b II
} )

Hofstadter’s Energy Spectrum

Density n

1/5 1/4 1/3 1/2

0 | 1 0 1/4 13 172 1
o o
Density of filled bands TV
Flux density Uz

Diophantine equation for gaps

n=Cng+D, C,DcZ




Streda & Thouless: Quantization of Hall conductivity

Wannier:

n==Cny+D, C,DcZ

Streda:
e on 062
Tpy = = C—.
Y (I)() 8n¢ h
Thouless:
2

e Y

filled bands n

4 )

\_ J

mp C= ) G,

filled bands

1p

unnar Moller

Cargese, September 2015
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The Comeosite Fermion Approach
He TS {B%emaﬁ + h.c.} + %UZﬁa(ﬁa 1) —p Y faq
(@, ) « o

Account for repulsive interactions U >0 by “flux-attachment” (Fradkin 1988, Jain 1989)

Continuum Landau-level for
fermions at filling 1/3:
three flux per particle

Composite fermions =
electron + 2 flux quanta

\IJO(H _ZJ Q\IJCF

1<9

Bosons:
drawings: K. Park | flux per composite particle
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Comeosite Fermions in the Hofstadter Spectrum

n2:n¢21n

|. Flux attachment for bosonic atoms:

\I/BOCH

1<
2. Effective spectrum at flux TL;Z is again a Hofstadter problem

= weakly interacting CF will fill bands, so obtain density »

by counting bands using fractal structure

= linear relation of flux and density for bands under a gap
n=Cny+D, C,Dcik

3. Construct Composite Fermion wavefunction

continuum: Yp({r;}) < Prrr H(ZZ — 2;) Yor({ri})

1<J

\ . J/

N

Vandermonde / Slater determinant of LLL states

Up({ri}) o pi* ) V() ST ()

Slater determinant of Hofstadter
orbitals at flux density ng = n

lattice:

— Z] JWer = transformation of statistics!

4 T | T T | ' !
— t ‘EE!IE‘!;Q o i
L IS
\”
2
"ili-n,
|§ifl--.“
. g | .
| .'\' L‘:ls: R .'?: gsifll'" -
Yl ot [
o o, I
Jr . -_: "':J' 3
..... nl Y, T \ 3“"“ |
(1) 0 mhm {31 | o | W e —
HH i'* i | s
| : tlll'” . "..-'-, gt
4 [%
; #' A i $a?|fé|zm---w-‘
- P o | i
K ik o
: S £
,-il" .=| o oo
i t$s| N
o | i
D= -] |3‘| Iljl'lﬁ_
i,t..*l*’ . o B
i | Bl
- el ! “;;lﬁ-:z =
_4 ] | ] | I | l | I
0 0.1 0.2 ” 0.3 04 0.5

GM & N.R. Cooper, PRL 2009
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Simple Heuristics: Composite Fermions

Ng = kn —|—le ‘+:
]

\C _ 9 | k odd (even) for bosons (fermions)
n 1p
Osadchy and Avron, ]. Math. Phys. 42, 5665 (2001)
R 0 1/2 1
0 ’]’qu 1 TL¢

\J\\ 78 UNIVERSITY OF

e
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on the blackboard...

ng = kn + ng
useful to replace flux density by number Composite fermions filling integer # bands, so can
of states in relevant low-energy manifold use the Diophantine equation for the CF gap:

Mg =M D) =, — Cone o D

REYD . kC™ + 1 D*
BT T ol C

Hence, a constant filling factor is defined only if g = g* — but that is indeed a representative

case: as n small, the CF band structure looks similar to the original one, but CF may fill » bands.

Then, we have C* = r(C' and the filling factors are

T

s 7,
kCr +1° £

V



Exact Diagonalization vs Theory Predictions:

Bosons with contact interactions, in lowest band

H="Pus > ni(h; — 1)PLp

Check predictions for incompressible states:

filling: r
: U/ —
r|Ck| + 1
GS degeneracy: dgs = ‘TCM T Sgﬂ(’l“)

*
Chern number of GS’s: CMB =C" =rC

GM & NR Cooper, PRL (2015), arXiv:1504.06623
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Exact Diagonalization: Spectra for new candidates

Example spectra for states with ‘positive flux attachment’; r=2

0.078

0.076

0.074

Y 0.072

0.07

0.068

0.066

0.064

GM & NR Cooper, arXiv:1504.06623

C =2

| |
C=-2,v=2/5: N =10 L,=5, L, =5, MUC: p=7, q=3x5 +

Tt
I Lo 4

+
i +T T4 +TT 4

+ +
++ ++
-!_(2+2+|]-) ] ] ] ]
0 5 10 15 20 25
v

0.024

0.023

0.022

0.021

E (k)

0.02

0.019

0.018

0.017

r

::7ﬁ(7k|—%ﬁ1

C =3

C=3, v=2/7:N =8 L,=7, L,=4, MUC with (p=7; g=4 x5) +
ot ]
it gt gt gt gt gt gt
e
-+ + o+ o+ 4+
++++++++++++++
+ 0+ 4+, + 4+, + o+

+  + 4+ o+ o+ o+ 4+
+ 4+ 4+ ++++ o+
__!_ ™ | ™ | T | T _!_ T | ]
0 5 10 15 20 25

L UNIVERSITY OF

Gunnar Moller

Cargese, September 2015

&Y CAMBRIDGE



Exact Diagonalization: Spectra for new candidates

Example spectra for states with ‘negative flux attachment’; r=-2

C =2 C =3

0.36 I C=-2,v=2/3: N =12 L,=6, L, =3, MUC: p=7,q=3x5 + _ C=3,v=2/5 N =10 L5, L,=5, MUC: p=7, g=4 x5 +
+ + 0.094 - T+ .
+ + + +
w4 ’ 0003 + Ayt Tttt
0.355 |- + + i - + n n +
o - - ++ —~
< L <
~— + 4 + + ~— 0.092 |- 7
Q ) ++
=T ] 0.091 |- _
+
+ +
0.09 - _
0.345 | _
0.089 | _
+(2+1) T (242+1)
0 5 10 15 0 5 10 15 20 25
b Ly + b, o Ly +
T
T CE + 1
GM & NR Cooper, arXiv:1504.06623 r|Ck| +

T UNIVERSITY OF
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Exact Diagonalization: Spectral flow

Evolution of the ground states under “threading flux”

0.341640

0.341639

0.341638

GM & NR Cooper, arXiv:1504.06623

' | ' | ' | ' | '
v=2/3, C=-2, n¢=7/15, N=12, N =18

X XXX XXX XXX XXX
XX >2< XX Xx XX Xx >S< Xx XX

0 0.2 0.4 0.6 0.8

| b, /27 |

r

- r|Ck| + 1

1%

Gunnar Moller

Cargese, September 2015
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Exact Diagonalization: Finite Size Scaling of Gaps

Ascertain that GS degeneracy with finite gap is found consistently for different Ns

0.0075 —
0.01
0.005+ —
0.0025+ -
x— C=-2, v=1/3 x—x C=3, v=1/4
A-AC=2, v=2/5 A-A C=3, v=2/7
oo C=2, v=2/3 e o C=3, v=2/5
I I ! I I I ! I I !
0O 0.05 QI 1 0.15 0O 0.05 0.1 10 15 0.2 0.25
N N
4 )

= data suggests the composite fermion states are incompressible

. INn the thermodynamic limit )

GM & NR Cooper, PRL (2015), arXiv:1504.06623

Gunnar Méller Cargese, September 2015
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Exact Diagonalization: Particle Entanglement Spectra

Compare PES of a C=2 system to a known C=1 spectrum: v=2/3

C — 2 Hlofstadterl, n ¢=7/1I5, C=2 Ruby lattice, C=1
(46) (45) (46) (45)
R R sLFFFEFEF LI EFE
10} =
e o ot
o |AEERELIEEILEIEL |
THi) e
FEE3riTEEEiiE | [1iifii;
§§$$$1§ EEEiizEasEsaaas
Prrppiiiiiiiiig g**ﬁ 114}
5L+ ++++FFFFFFFFF+ 51 ii% i_
0 5 10 15 0o 5 10 15
k L +k KL +K
y Y Xy oy
4 )
= smaller entanglement energies; differences in detall
. = overall features similar )

GM & NR Cooper, PRL (2015), arXiv:1504.06623
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Universalitz of Predictions

» Again, argue with adiabatic deformations:

» Hofstadter generates bands
of any Chern #

» can deform to any other
model...

» adiabatic connection for

oae single bands as long as
vE C1 = (o
[=> flux attachment provides candidate states for all Chern bands v = 7“|C’l:| = 1}

B UNIVERSITY OF
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A Special case - Bosonic IQHE in C=2 bands

Bosons in a C=2 band with negative flux attachment (r=-1) = v=1

from: GM & NR Cooper, PRL (2009) A

alternative realisations:

e Quantum Hall Bilayers
[Regnault & Senthil
2013]

¢ Honeycomb with
correlated hopping
[He et al. 2015]

e Optical Flux Lattices
[Sterdyniak et al 2015]

 T— —

e first evidence in Hofstadter model GM & NR Cooper, PRL (2009)
e quasiparticles are fermions - not fractionalized
= only symmetry protected topological phase [Senthil & Levin, PRL (2013)]

- J

GM & NR Cooper, PRL (2009) & PRL (2015), arXiv:1504.06623; Hormozi et al. PRL 2012
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A Special case - Bosonic IQHE in C=2 bands

Many-body gap: finite-size scaling at fixed tlux density

0.03 | . . |
. C=2,v=1,(n,=7/15)
| XX C=2, min Ir-11 B
0025 a—a C=2,v=1(n=12/25)
x
0.02 - X —
= 0015 —
< A
0.01 - x ® —
0.005 |- ® .
O ] | ] | ] | ]
0 0.05 0.1 0.15 0.2
N_l
[ e significant geometry-dependency - but less so for flatter bands. J

GM & NR Cooper, PRL (2009) & arXiv:1504.06623; Hormozi et al. PRL 2012
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Tuning band flatness in the Hofstadter spectrum

Berry curvature exponentially flat in proximity to ng, = 1/|C|

10
1 -
3
QN 10
[QV
©
O, . oo C=2: maxg,|ABI
M 10 [ |+ C=2: mingIABI
< - |32 C=3: maxg,|ABI
. . == C=3: min_,IABI
general case for single bands: 107 |, 4 c=4: max_AB
p - |+ C=4: ming,IABI
Ng = , P& N -8 . | . | . | .
|Clp —sgn(C) 109 5 10 15 20
P
[ e can tune flatness of band geometry while keeping same physics J
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GM & NR Cooper, arXiv:1504.06623; Bauer, Jackson & Roy arxiv:1504.07185 |
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Part ll: Band Geometry & Stability of Fractional Chern Insulators

How to decide which lattice models have stable fractional Chern Insulators!?

* single-particle dispersion - want flat bands /
many groups

finite size matter a lot - success by iDMRG A. Grushin et al.

* shape of interactions - clear hierarchy of two-body energies desirable “Pseudopotentials”

Lauchli, Liu, Bergholtz, Moessner + other proposals /

* band geometry - ideally want even Berry curvature

v

Regnault, Bernevig; Dobardzic, Milovanovic, ...

systematic study of geometric measures beyond Berry curvature Th iS Talkl

* Full story: all three aspects contribute

T UNIVERSITY OF
¥ CAMBRIDGE
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Which Berz Curvature?

Gauge invariance of the Bloch functions: one arbitrary U(l) phase for each k-point

Q 1904 (k o
ug) — €' ug)
The above manifestly leaves H invariant:

ar
Hyo(k) = 3 Ba(k)ug™ (K)ug (k)

However, sublattice dependent phases are not gauges:

us (k) — up (k) = eirb'kug‘(k)

a
as this substitution yields a modified Berry curvature:

_ N 9 9

Ba(K) = Ba(k) = Y oy [0 (K) [ = 7 g (k)
b=1 T Yy

There is a unique choice such that the polarisation reduces to the correct semi-classical expression

A 0
and canonical position operator R, — —ZaT
p see, e.g. Zak PRL (1989)
EH UNIVERSITY OF
Gunnar Méller Cargese, September 2015 < CAMBRIDGE




Example single particle properties
— I

an example: Hofstadter spectrum in magnetic unit cell of 7xI, g = 3/7

Curvature for Fourier transform with Curvature for canonical Fourier transform
respect to unit cell position

B=VxA ., B=VxA

Magnetic unit cell ——| net flux defined only mod @y

~3| B
~3| B
~3| B
~3| S

@
7

~1| A
(@)
=

@ UNIVERSITY OF

oy

» CAMBRIDGE
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GMP Algebra: Generating low-lying excitations

Girvin, MacDonald and Platzman, PRB

* single mode approximation captures low-lying 33,2481 (1986).
neutral excitations in quantum Hall systems: e — ,T T ,?
0.15—¥=1/3 | -
1/7 1/5 1/3
SMA N < z;
p— v
W) = p|Wo) S 010
Qo
; 0.05 vV=1/5 |
for sp density operators Pk = E Vk+qa - |
IR e ——
q 0.00 , 1 . 1 : 1 l
0.0 0.5 1.0 1.5 2.0
k.2
GMP algebra (w/LLL form factor):
FIG. 4. Comparison of SMA prediction of collective mode
energy for v=+, +,+ with numerical results of Haldane and
Rezayi (Ref. 20) for v=+. Circles are from a seven-particle
[ [OLLL (q) ] pLLL ( )] spherical system. Horizontal error bars indicate the uncertainty

2isin(3q A q'l3) exp(29-d'0%) prin(a + q')

SMA carries over to Chern bands: Repellin, Neupert, Papic, Regnault, Phys. Rev. B 90 (2014)
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Chern bands: generalised GMP algebra

* consider band-projected density operators for general Chern bands:

Dq = Paeiq-?P > >* *(k + q/2)uy (k — q/2)vﬁiq/2vlf_q/2
k b=1

* in general, the algebra of density operators does not close, i.e.
[pQ7 pk] # F(k7 q)pk—l-q

* intuitive consequences for FQH states:
» no finite, closed set of low-energy excitations corresponding to the GMP single mode states

» Pq can generate many distinct eigenstates

» strong violation of the algebra should signal an unstable, gapless phase

EE UNIVERSITY OF
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Conditions for closure of the generalised GMP algebra |

e conditions for closure can be derived in long-wavelength expansion

2
i) O(kz) : 0. = \/ AB Z < B2> _ C% flatness of Berry curvature

i) O(kg) . Pullback of Hilbert space metric constant over BZ

ds™ = (09[0v) — (39[¥){¥|dv)

Guv T %F/W
— Z tr (a(ZMPa)(l_Pa)(ag,,Pd)
a&occe ,//

deviations o, = 5 Z(guuguﬁ _ <g,lu/><gy,u> \ /
8%

nnar Méller Cargése, September 2015 ;\ N\, \ \



Conditions for closure of the generalised GMP algebra Il

* single condition in terms of metric g:
I'(k) = tr g%(k) — |Ba(k)| =0

» algebra of projected density operators reduces exactly to the GMP algebra

* Now: test how violations of the closure constraints correlate with gap

R. Roy, arxiv:1208.2055 (PRB 2014); Parameswaran, Roy, Sondhi C. R. Physique (2013)
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Target models to examine

* Hamiltonian: bosonic states with on-site interactions — defined independent of specific lattice

2-body contact 3-body contact
_ 1
Laughlin v = 5 Moore-Read v = 1

* lattice geometries:

Haldane model Kagomé model Ruby lattice model

Gunnar Méller Cargese, September 2015




Laughlin state

Moore-Read state

Model Comearison: Gaps vs. RMS B and trace inequality
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Haldane model

Haldane, bosonic Laughlin
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Kagomé model

Kagome, bosonic Laughlin
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Ruby lattice model

Ruby, bosonic Laughlin
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e

Ruby, bosonic Moore-Read
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curvature

Parameters yielding max gap are always in lower-left corner
Demonstrates relevance of both band-geometric quantities



An Advert: Role of band geometry beyond Berry curvature

Influence of metric tensor g via “trace”:  T'(k) = tr ¢*(k) — | Ba (k)]

Bosonic Laughlin on ruby, trace inequality
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[ e Systematic correlation of many-body gap and trace of metric tensor ]

T. Jackson, GM, R. Roy, Nature Comm. (2015); arxiv:1408.0843
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Conclusions
- I

4 )
* Composite fermion theory predicts filling factors of stable

incompressible phases in general Chern bands at

r
| [ k odd (even) for bosons (fermions) |
r|Ck| + 1
L c Series includes a Bosonic Integer QHE in C=2 bands )
g : : .. : A
* Numerical evidence matches the predictions (bosons, contact int.):
» correct GS degeneracy » robust gap
o J

* Outlook: expect interesting physics for CF Fermi liquids at |C|> |

lim ¢ ="¢ =

P00 T kC

* Though sub-leading to Berry curvature, flatness of Fubini Study
metric correlates with magnitude of many-body gap of FCI

GM & NR Cooper, PRL, arXiv:1504.06623; T. Jackson, GM, R. Roy Nat. Comm, arxiv:1408.0843
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