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Answer all four questions.

The approximate number of marks allotted to each part of a question is
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The paper contains five sides, including this one, and is accompanied
by a booklet giving values of constants and containing mathematical
formulae which you may quote without proof. (The booklet is available
for separate download.)
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1 Consider a dimerized chain with two sites a,b in N unit cells described by the
Hamiltonian

N
Z t + 0t) cwcbJ (t — 5t)c;j+1cb,j + h.c.,

where h.c. refers to the Hermitian conjugate, and ¢ and 6t are hopping parameters
that we leave implicit.

(a) Using a Fourier transform c¢;, = \F Sk Cr.a€™, show that the above Hamilto-
nian can be rewritten as
Z Hop(k)c,, kcﬁ k>

k,a,B

where o, 8 € a,b and H,g(k) = d(k) - o in terms of the Pauli matrices o =
(04,04,0,) and vector d(k) = ((t + dt) + (t — 0t) cos(k), (t — dt) sin(k), 0).

(b) Show that the spectrum consists of two energy bands,

E(k) = £/ ((t + 6t) + (t — 0t) cos(k))2 + ((t — 6t) sin(k))2.

(¢) Assuming now that 6t = —t, show that the eigenstates |uy, =) read

and that evaluating the Berry potential Ay = —i(ug, =|V]u,£) over the closed
path & — k + 27 renders fAidk = —m. (Note that Ay is just a scalar in our
one-dimensional case.)

(d) Assuming that ¢ = ¢, show that the eigenstates |uy, =) are

=53

and that evaluating the Berry potential Ay = —i(ug, £|V|u, £) over the closed path
k — k + 27 renders ¢ A dk = 0.

(e) Show that for general dt, the eigenstates are given as

1 [dei®r
up, £) = — ,
) \/5( ! )

where ¢, = tan™! Uj;igoksk, for v = (t+dt) and w = (¢t — t). Why is § Apdk =0
over the closed path £ — k + 27 undefined when v = w? What does it evaluate to
for v > w and v < w and how does this compare to the above answers? Finally,
how does ¢ Aydk = 0 over the closed path k — k + 27 change when we assign a

different gauge to the eigenstates |uy, =) — €"*|ug, £)?

(TURN OVER)
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2 Consider an electron with mass m and charge e moving in three dimensions
under a uniform electric field E where the Hamiltonian is given by,

2

H=L2 _¢E.r.
2m
Starting from r; at t; = 0, the probability amplitude for finding the electron at r;
at ty =t is given by the propagator

K(ry, tlr;, 0) = 0(t){r,|U(t, 0)[ri) ,

for the time-evolution operator U(t,0).

(b) Consider the parity operator P|r) = | — r). Calculate whether the propagator
satisfies reflection symmetry K (ry,t|r;,0) < K(-rs,t| —r;,0). Compare this with
the result for the free particle propagator Ko(ry,t|r;,0) for Hy = p?/2m.

(c¢) For the propagator in momentum space K (p 7, t|pi, 0), show that the probability
of finding the electron with momentum py after time ¢ vanishes unless py = p; +¢eEt.

Now consider the electric field to be along the y-axis, E = E¥.

(d) Write down the classical action and calculate the propagator for this electric
field.

[Hmt: The free particle propagator is Ko(ry, t|r;,0) = (ﬁ)g/2 exp {iQﬂm(rf — ri)Q}.}

(e) Consider a wave packet of electrons with the same energy moving in the (z —y)-
plane starting from point A at the origin as shown in the figure. The wave packet
splits into two that travel along two different paths, ABC (path 1) and ADC (path
2), to finally meet at C with coordinates (d,, d,). Assuming that the size of the wave
packet is much smaller than all other length scales, calculate the phase difference
between the two paths and comment on it.

YA

dy - - —————-——- °

Figure 1:
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3 We consider a model for electron-phonon coupling given as H = Hy + Hq,
where

Z hwg bT by + ekakak

Hy =) Mqak+qak(bq +0y).

q.k

Here the operators l;:fl describe the bosonic creation operator for phonons, that is
lattice vibrations, with momentum q and frequency wq; and dL denote creation
operators for electrons with energy €, and wave vector k. We assume that H; is a
weak coupling term that we can treat perturbatively in this problem.

(a) Give the fundamental algebraic relations that the phonon operators l;g and Bq,
and electron operators dL and a, must obey due to their particle nature.

(b) We may perform a similarity transformation H = e~ HeS. Assume S is of the
same order as H; and remember that H; is treated perturbatively. Show that if S

satisfies
Hl + [H07 S] = 07

the first order term of H when written as perturbative series vanishes, rendering
only Hj plus higher order terms. What is the second order term in the expansion
in this case?

[Hmt: Recall that eXYe X =Y + [X,Y] + L[X, [X, Y]] + L[X, [X, [X, Y]] + .. ]

(c) We assume that S has the form,
S = (bl + Bby) Myaf, -
q,k

Compute a and /5 such that the condition in part (b) is fulfilled. Write down the
explicit form of S and give an interpretation for the denominator of o and f.

Hint: Note that [AB,CD] = A[B,C]D + [A,C|BD + CA[B,D] + C[A,D|B
and that a similar (but not the same!) relation for [AB,CD] in terms of anti-
commutators can be derived.

(d) Show that the second order term in H, which is proportional to | Mg|?, has terms
where the operator is of the form

i, ol iy
What is the interpretation?
(TURN OVER)
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4 Consider a system of three distinguishable spin-1/2 particles, which we denote
with +/— for up/down projections along the z-axis. Denote the Hilbert space as H.

(a) Write down a basis for H.

(b) Give the expression for the entanglement S of a density operator p. Why is S
zero for a pure state?

(c) Write down an entangled state of these three spin-1/2 particles in which particles
2 and 3 are entangled, but the pair (2,3) is not entangled with particle 1.

(d) Consider another entangled state,

1
W) = —(|++-)— | — —+)).
) \/5(‘ ) — | )
What is the reduced density operator ps obtained from tracing out the third particle
staring from the pure state |¥)? Is ps describing a pure or a mixed state? What is
the probability that the first two particles are entangled?

(e) A variation on the so-called W-state that occurs in quantum computing is the
V-state given as,

1
)= —(|++—)+|+—+)+]—++)).
) \/g(l )+ | )+ | )
What is the reduced density operator ps for any two particles obtained from tracing
out the third. Describe ps. Is it a pure or a mixed state? What is the probability
to find two remaining particles in an entangled state?



