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(a) For a spin in a magnetic field that is described by the Hamiltonian
H = —B - S, find the Heisenberg equations of motion ‘;—? = %[H, S| that
(t) = etft/hSe= /M oheys.

[You may find useful the commutation relations [S;, Sk| = z'hajlel.}

(b) For a spin-1/2 the following expression holds

exp (—i@-S/h) =1 cos(0/2) —in-osin(0/2) ,

where 1 is a unit vector, @ = fn, and S = ga = g(ax, 0y, 0;), the latter being

the Pauli matrices. Demonstrate its validity for n = (1,0, 0).

(c) Consider an electron in a hydrogen atom under the influence of an homo-
geneous, pulsed electric field along the z-direction. The system is described
by the Hamiltonian,

H(t) = Hy+EETY_5(t—n7),

n=0
where H is the Hamiltonian for the electron in the unperturbed hydrogen

atom, & is the electric field magnitude, and 7 is the time between pulses.

Limiting the Hilbert space to the one spanned by just two hydrogenic
orbitals, [1s) = cl|0) and |2p,) = c[|0) (where |0) is the vacuum state), the
Hamiltonian can be written as

H(t) = Alcle, — cles) + Explcle, + cle,) TZ St —nt),
n=0
where A = (2p,|Ho|2p,) = —(1s|Ho|1ls) and zo = (2p,|2|1ls) = (1s|Z|2p.).

Show that the evolution operator from just before the first pulse to just
before the (N + 1)t is given by

U(NT — ¢, —¢) = (UaUg)Y |

where

Ua— el A/ 0 . (o bs  —isinPe
A~ 0 e imAM) €7 \—isin®s  cosPg
and @¢ = Ex¢7/h.

(d) Apply the expression in (b) to the evolution operator in (c) for N =1 to
find 6 and n. Interpret this result in terms of position and momentum of the
electron before the second pulse.

[The matrix of the momentum operator in this basis is proportional to O'y.}
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A particle of energy E = 2% is scattered from a localised potential V(r).

(a) Outline the essential elements of partial-wave analysis, leading to
1 e}
f(0) = Z Z (21 + 1) sin 6;¢™ Py(cos 0) (1)
1=0

defining all quantities that appear in this expression.

(b) Use (t) to derive the optical theorem for the total scattering cross-section

47

Otot — ? Imf( )

You may find it useful to know that f P/(z)Py(x)dx = 22;25:’1 and F(1) = 1.
(c¢) Find the phase shift dy(k) for the s-wave scattering as a function of the
wave vector k for a hard-sphere potential V(r) = oo for r < R, V(r) = 0 for
r > R. Determine the s-wave scattering length ay and the s-wave scattering
amplitude fy. Sketch the s-wave scattering cross-section oq(k), choosing the
appropriate dimensionless units, and discuss its (three) prominent features.

(d) Find the scattering amplitude for delta-shell potential V(r) = Vod(r — R)
in the first Born approximation fg..,. Discuss the dependence of the scattering
cross-section on the angle 0 for small and large wave vector k. Does the first
Born approximation you obtained in this part satisfy the optical theorem?

(TURN OVER)

[6]
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(a) State the algebraic relations that creation and annihilation operators
satisfy for bosons (fermions). Write down the number operators for bosons
(fermions) and their possible eigenvalues for bosons (fermions).

Consider the following Hamiltonian describing two interacting spins 1/2
H=—J (6765 +6{6y) — h (67 + 53) (%)
where 0% with o = z,y,z and j = 1,2 are the standard Pauli matrices.

(b) Given the raising (6;°) and lowering (6; ) operators, &f = 07 £ 167, find

the eigenvalues and eigenvectors of the Hamiltonian ().

In one dimension one can rewrite spins in terms of fermionic operators
MR oA AL A
A ~A— _ anfif1 ~AZ_ T
o =f1, 0y =€y T=2ff-1

where fj with j = 1,2 are the standard fermionic annihilation operators.

(c) Use algebraic relations for fermionic operators to obtain the commutators
[or.67]. l6f,63),  [o1.63],  [62.63],
and show that they are consistent with the spin angular momentum algebra.

(d) Now rewrite the Hamiltonian (x) in terms of fermionic operators and find
the eigenvalues and eigenstates by diagonalising this bilinear Hamiltonian.

8]
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(a) Define the density operator p of a quantum system that has prob-
ability p; to be in each of the normalised states |t¢;). Explain the distinction
between mixed and pure states of a quantum system, and how this distinction
is reflected in the density matrix.

(b) Experimentalist A prepares a stream of atoms such that each atom is in
state [Pa) = \/L§(| T 41| 1)). Experimentalist B prepares a stream of atoms
which is a mixture: half the atoms are in state | 1) and half are in state | |).
In the basis {| 1),| |)} determine the density matrices p4 and pp.

(c) Show that streams A and B cannot be distinguished by making a meas-
urement of 0., but that they can be told apart by measuring o,.

(d) Experimentalist C prepares a stream which is an equal mixture of atoms
in the two states \/LE(‘ N +1]4)) and \%ﬂ 1) — | 1)). Can this be distinguished
from streams A and B, and, if so, how?

(e) Experimentalist D produces two streams of atoms flying in opposite direc-

tions, in such away that each atom flying to the left is entangled with another
flying to the right, both forming a singlet of wavefunction

1
V2

in an experiment analogous to the one proposed by Einstein, Podolsky and
Rosen in 1935. In the basis {[1.Tr), [Tdr), HrTr), Hrdr)}: (1) compute the
density matrix and check it corresponds to a pure state. (i) Extract from it
the reduced density matrix for measurements on the right stream, and (ii7)
calculate its entanglement entropy.

Vp) = —=( Teir) — | LTR))

(f) A stream prepared by experimentalist E is thermally equilibrated in a
magnetic field B = (0,0, B,) at temperature 7. The atoms have magnetic
moment . Determine the density matrix pg.

END OF PAPER



