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Consider a spin-1/2 in a time varying field, described by the Hamiltonian

O . .
H(t) = QoS. + 7“ (Sye7 + S_e™r)

where S, = S, £i§,,and §; = ’%O'i, i = x,y,z, with o; the Pauli matrices

Solution (a) is straightforward, the only hard part being to transform the rotating parts of

{01 (U (1 0
=\ o) T o) %70 1)
(a) Write the state of the system |¥ (7)) in the form
|7 (2)) = exp (—iwtS; /M) [PRr(1))

and show that |Pr(¢)) obeys the equation

m PR

= Hyapi |
7 Rabi |FR)

where
HRabi = (20 — w) S; + RS,
[You might find it useful to write the Hamiltonian as a 2 X 2 matrix. |

(b) Find the eigenvalues of Hggp; and describe the complete time evolution of the
corresponding eigenstates (you don’t need to find the eigenstates explicitly).

(c) Find the evolution of the phase of the eigenstates of Hrgp,; after time 27/w .
Considering the adiabatic limit w < /Q§ + Q2 interpret your result in terms of
Berry’s phase.

(d) Explain how your answers to (a), (b), and (c) would be modified if we have
spin-s, rather than spin-1/2.

the Hamiltonian

which can be done just with 2 X 2 matrices if need be, though for part (d) they would be

elezt/hS+e—lwte—lezt/h — S+,

better off recognizing that it only depends on the angular momentum algebra. (b)
eigenvalues are

n 2
E, = iz\/(go —w) + Q2

and the time evolution of the eigenstate is
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(c) In time 27 /w the phase evolves by an amount

1 1 Q
ﬂ(li—\/(Qo—w)2+Q§)—>7r R Q21 F |
w w—0 w /Q3+Ql€

The first part is the dynamical phase, while the w-independent part is the Berry phase,
which may be written

(1 Fcosh)
%. 2n(1 — cos 0) is the solid angle of a circular cap on the unit
.QO+.QR
sphere subtending an angle 26, while 27(1 + cos 6) is minus this (mod 4rx). (d) Nothing
changes in (a), because the transformation depends only on the angular momentum

where cosé =

relations. In (b) we have 2s + 1 levels with energies mit \/ (Q0 —w)* + Qﬁ, m=-s,...5.
In (c) we likewise have m multiplying the solid angle rather 1/2.
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2 In one dimension, the propagator K (x, t|x’,t") is the solution of the equation

[ih‘% - H] K(x,t|x",t") = ins(x — x")o(t — t) and

K(x,t|lx",t)=0fort < t',
where H is the Hamiltonian. The momentum space propagator is defined by

f dpdp’ K(p,tlp’,t")exp (ipx/it — ip'x' /) .

—00

’ o 1
K(x,t|x,t):%

(a) Show that the propagator for a free particle is
1/2 "2
, , m m(x — x")
K X)) =600 -t) | ———m i
free(, £, 1) = 6t = 1) (2iﬂh(t - r')) P [ 2i(r — t’)]
[7]
(b) Now consider a particle moving in a linear potential, described by the
Hamiltonian

T Tomax2 T

Find the equation satisfied by K(p, t|p’, ") and verify that the solution is

K(p,tlp',t") =6 —t")6(p — p’ + alt — t']) exp [ p—

[8]
(c) Use the result of part (b) to obtain K(x, ¢|x’, ") for a particle moving in a
linear potential. [9]

(d) By computing the classical action for a trajectory (x’, ') — (x,t), show that
the same result follows from the path integral. [9]

Solution (a) Bookwork. They could continue from the fundamental solution of the heat
equation, or compute the Fourier transform of the momentum space propagator. (b)
Equation is

2
[mat — ifad, - 5—] K(p,tlp', 1) = is(t — £)6(p - p').
m
Verity solution by substitution. (c¢) This is a matter of computing the Fourier transform

/ / 1 ® ’ ’ ’ ] . 1/
K(x,tlx,t):zﬂ—hf dpdp” K(p,t\p’,t")exp (ipx/fi —ip’x"|h)

_ * i(p> =[p+ait-1)1% . ‘ o
=5 N dp exp ( 6amh +ipx/h—i(p+alt—t'Dx'/h
(T it -1 , (x — xym\’

=57 ) dp exp ( i (p +a(t—1)/2 — )

it —t')3 N ix = x)2m  dax +x)t -1
24mh 2h(t — 1) 2 '
V7.1
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Doing the Gaussian integral gives the final form

1/2 ) "3 . N . , ,
, ia (t —1t) ix—=x"ym ia(x+x)(t-1)
Kix. tlx',t)=|———— -
(x. £l ) (2mh-(z - t’)) eXp ( 2dmi | 21— 1) o )

(d) For the path integral solution we need to find the classical action for the trajectory

2
at t
Xt)=x'—-—+x-x"=
m T

(I’'ve set T =t — t’ for convenience). Then we have

T N2 273 /
1 . - T + x)T
SCl:f dt [Esz—a/X] _mx—x) a1 a(x+x)
0

2T 24m 2 ’

which leads quickly to the result once you argue that the Gaussian path integral is
unchanged from the free particle case.
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3 A particle is initially in a plane wave state e’*” and interacts with a scattering

potential V(r). Its wavefunction is a solution of the Lippmann—Schwinger equation
3 eiklr—r’l

— | & ———V Wy ().

2nh? o ¥

(a) Show that the differential cross-section in the (first) Born approximation is

Yie() = " —

do (0, ¢) m f 3 i 2
= d ary
0 o2 re (r)
where g = k; — k is the momentum transfer, and k is the final momentum,
pointing in a direction specified by spherical coordinates (6, ¢). [7]

(b) Use this result to show that the total cross-section in the Born approximation is

2 . ’
m sink|r —r'| 5 .._.
- d3 d3 "WV ik-(r-r")
O total ) f rd’rvv) kir —r|
[8]
(c) By iterating the integral equation a second time find the second Born
approximation to the scattering amplitude. [9]
(d) Show that the results of parts (b) and (c) are consistent with the optical
theorem L
Imf@ = 0) = O total ’
4z
where f(6, ¢) is the scattering amplitude. 9]

Solution (a) Bookwork based on approximating the exponent in the
Lippmann—Schwinger equation by

klr —r'| ~kr — ki -r’

(b) Write the answer to (a) as a double integral

2
_[.m 3. B0 —ig-(r—r’) ’
Trotal = (ﬁ) fkoffd rd’r’ e TV V).

Doing the integral over the solid angle gives the result. (c) Second Born approximation
to the scattered wave is

ik|r—r| eiklrl—rzl

2
) m 3. 3 ik-r
=|— d’rid \% \% 2
v D) (MQ)f rid’ry L V) V(e

which gives the contribution to the scattering amplitude

2
f@ = (_m ) fd3r1d3rze‘ikf”1V(r1)e

ik|r]—r2|

V(ry)e'® .
2 Iri —ra|

(d) Evaluating at k = k gives the forward scattering amplitude, which checks with the
optical theorem.

V7.1
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4 A product state of a system of identical bosons or fermions is described in terms of
single particle states ¢, (r), occupation numbers N,, and creation and annihilation
operators aj,, a,. The field operator has the form

W)= Y epria,
B

while the density operator is
px) =y o (x).

(a) Show that in a product state the density-density correlation function has the
form (with the plus sign for bosons and minus sign for fermions)

Cor,r") = (: p(r) p(r’) 1) = (o)) (p")) + g(r,r")g’,r).

Here : - - - : denotes normal ordering, (o(r)) is the expectation value of the density,
and

8.1’y = > Nos (), ')

is the single particle density matrix. The term with both creation and both
annihilation operators corresponding to the same state may be neglected in the
limit of a large system. [10]

(b) Assuming that g(r,r’) — 0 as [r —r’| — oo, find the ratio

Cp(r,r)
lim C,(r,r)

|r—r’|—00

for both bosons and fermions. (4]

(c) Now find the form of the three point correlation function

COr1,r2,73) = (¢ par)pE)p(r3) 2,

expressing your answer in terms of {(p(r)) and g(r,r’).

[15]
(d) Find the ratio
cw,r,r)
lim C,(f)(rl, ry,r3)

[ri—ra|—c0

[ry=r3|—00

[ra—r3|—o0
for both bosons and fermions. (4]

V7.1 (TURN OVER



Solution(a) From the definition

Co(r,r')y =+ Z goz(r)gaﬁ(r)go;(r')go(;(r’)(ala;aﬂad)

afyd
= D 16a@)Pley )P NNy £ > 0nF)pa(r)p; 4oy (PN Ny
ay ay

= () {p@")) £ gr.r')gw’,r).

Notice that the case @« = 8 =y = ¢ is not handled correctly by this formula, but provides
a negligible contribution as the size of the system goes to infinity. (b) The ratio is 2 for
bosons and 0 for fermions. (c) The three point function is a straightforward
generalisation of the calculation for the two point case. There are six different ways to
pair the indices of the three creation operators with those of the three annihilation
operators. Any such pairing results in an occupation number factor.

3 * 3k 3k q
COw1,r2,r3) = + Z ‘Pa(i‘l)%("1)%("2)9041("2)%("3)90f("3)<dzaiazabadaf>

abcdef

= er)Xpr2))Xpr3)) + gr1,r2)gr2, r1){pr3))
+ g(r1,r3)g(rs3, ri){p(r2)) + gra,r3)g(rs, r2){p(ry))
+gri,r2)g(ra,r3)grs,ry) + gry,r3)grs, r2)grz, ry)

(d) The ratios are 6 and 0.

V7.1
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5 Consider a system of N bosons, each of which can occupy only two states: |T) and
|1). We can introduce creation and annihilation operators a:, ag, with s =T, |, to add and
remove particles from the two states.

(a) Show that the operators

Sy = g (a}fal + aIaT)
Sy = "%7 (aa, - ajay)
5= (ala, - ala)
obey the angular momentum (SU(2)) commutation relations. [7]

(b) Show that 2 = S)% + S§ + SZ2 can be expressed in terms of N, the total number
of bosons, and find the relationship between the spin quantum number s and N. [8]

(c) A totally symmetric wavefunction of N bosons can be written as ¥y, ,...s5)s
where the round brackets denote the operation of symmetrisation:

1
isisasw) = m Z ¥ pisprspn s
P

and the sum is over all permutations of N objects. How many independent
components are needed to describe ¥y, s,...s5)? Interpret this result in terms of
angular momentum states. [5]

(d) What are the defining properties of the Lie group SU(2)? [3]

(e) Under an element U of SU(2), the components ¢, of a one boson state
transform as y — Uy. If ¢p5 and y are the components of two one boson states,
show that the quantity ¢ x| — ¢ x4 is invariant under SU(2) transformations.

[10]
Solution (a) Straightforward. (b) We first find
1’ 2 2\ K2
2 2 (o P P i P
Si+Sy=7 ([“T“L +aja,|” - [aja, - ala] ) ) (a1a,a)a; + aja,ata))

h2
== (N [N+ 1) + N[Ny + 1))

Together with SZ2 = hzz (N7 - NL)Z we get S2 = Ii%s(s + 1) where s = (N7 + Ny)/2. (¢)
N + 1 =2s = 1 components required. This is just the number of independent angular
momentum states of spin s. (d) 2 X 2 unitary matrices of determinant one. (e) For a

general 2 X 2 matrix
a b
o= ()
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we find that
Prxy — P x1 — (ad — be) (Prx) — dLx1) »

so as long as the determinant is one this quantity is invariant (so being unitary is actually
a red herring).

V7.1
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6 The one dimensional Klein—Gordon equation has the form
) 2 ik
[(iﬁa - V(x)) + czh‘zﬁ —m*c*y(x,1) =0,

where V(x) is an external potential.
(a) When V(x) = 0, a general solution of the Klein—Gordon equation can be

written
1
w(x,t) = Z,{l A ,ﬂ [ak exp (i [kx — wgt]) + bZ exp (—i [kx — a)kt])] ,
where wy = Vk2c2 + m2c* /2. How is this solution modified when V (x) = V;? (6]

(b) Consider the potential step

Vi >0
vy =40 T
0 x<0

Find the transmission and reflection amplitudes for an incoming plane wave of
energy E > mc? incident from x < 0. [9]
(c) Paying careful attention to the analytic structure of the reflection and
transmission amplitudes, describe their behaviour in the three regimes
[:E>Vy+mc?
I1:Vy —mc? < E < Vy + mc?
I1]: E < Vy— mc?,

assuming Vp > 2mc?. [12]
(d) What is the physical interpretation of the behaviour in regime I11? [6]
Solution (a)

1
it = /ﬂ |a, exp (i Tkx = (wic + Vo/m) 1]) + b} exp (=i [kx — (Wi — Vo/m) 1])] ,
k

(b) A plane wave incident from x < 0 has wavevector k = hl—cVE2 — m2c* and gives rise
to a wave on x > 0 with ¢ = Z-+/(E — Vp)2 — m2c*, as well as reflected wave. Writing

ik x

etkx 4 pe~i
Y(x) = {

x <0
te'dx x>0
we find that continuity of the wavefuntion and its first derivative yield
2 1-qlk
f=——, r= .
1+q/k 1+q/k
V7.1 (TURN OVER
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It would also be acceptable to normalise these to the flux of the particles by including a
factor £ in 7.

(c) In regime I, k and ¢ are real and positive, and the reflection amplitude is decreasing
to zero with increasing energy, while the transmission amplitude tends to 1. In regime II
g is imaginary, so that r is a complex number of unit modulus. Although 7 is finite it is
the amplitude of an evanescent wave. In regime III both £ and ¢ are real once more, but
q is negative (that is, if we are taking E to have a positive imaginary infinitesimal, ¢ is
positive in regime I — as is physically necessary — and negative in regime III). Thus both
t and r are becoming large.

(d) In regime III the potential step is able to create particle-antiparticle pairs, with the
particle going to —co and the antiparticle to +oo. Ideally, reference should be made to
part (a), noting that in this regime the dispersion of the particles on x < 0 overlaps with
the dispersion of antiparticles on x > 0. Those especially on the ball will note that
negative g antiparticles have a positive group velocity (i.e. moving away from x = 0).

END OF PAPER
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