
Tale 64The Envelope.1. The boundary of the targer area. Consider a sim-ple me
hani
al problem: a gun shuts a bullet with initialvelo
ity v under angle � to horizon. The traje
tory of thebullet fx(t); y(t)g, parametrized by time t, is given by thefollowing equations:x(t) = vt 
os�; y(t) = vt sin�� gt22 : (1)The maximal hight h = v2=2g 
orresponds to initial angle� = �=2, while the maximal horizontal length L = 2h 
or-responds to initial angle � = �=4. Ex
luding time t fromEqs (1), obtain the shape of the bullet's traje
toryy = x � � 4 x2h (1 + �2); � = tan�; (2)
orresponding to di�erent initial angles �=2 � � � �=4. Allthese traje
tories 
over the part of (x; y)-plane in whi
hthe target 
an be hit by the bullet. The problem is to �ndout the boundary of this area (shown by the dashed linein Fig 1). At ea
h its point (X; Y ), this boundary meets1
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Figure 1: Envelope of the family of traje
toriestangentially one of traje
tories y(x; �). This is why thedashed line Y (X) is 
alled "the envelope of the family oflines". At ea
h point, the envelope 
orresponds to maximalhight y at given abs
issa X. Therefore,�y(X; �)�� = 0: (3)Using Eq (2), this gives the 
ondition (3) in the followingform: 0 = X � X24h �; (4)whi
h shows that the envelopeY = h� X24h (5)to the family of paraboli
 traje
tories (2) is a parabolaitself1.1The re
eipt: Y = y(X; �); ��y���X = 0
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Figure 2: Enveloping 
urve and enveloping surfa
e of the family ofstraigth lines - normals to a parabola2. Enveloping surfa
e and its singularity. Considernow a more 
ompli
ated 
ase. Let we have the parabola,whi
h we present in the form:x = t; y = t2: (8)At any point of parabola, 
hara
terized by parameter t, let
an be rewritten if the family is given the form of equation F (x; y; �) = 0. Then itreads F (X;Y; �) = 0; ��F�� �X;Y = 0 (6)For the 
ase of the family is given in the parametri
 form x(t; �); y(t; �), the envelopemay be given in the form:X(t) = x(t; �); Y (t) = y(t; �); _x��y���t + _y��x���t = 0: (7)



4us draw a normal to it:y � t2 = x� t�1=2t ! 2t3 + t(1� 2y)� x = 0: (9)The family of straight lines given by Eq (9) 
an be drawneither on the plane (x; y) or in the spa
e (x; y; t). In both
ases, the family has an evelope: either an enveloping lineY (X) or an enveloping surfa
e t(x; y). Looking at this sur-fa
e (Fig 2), we 
an see that it has a fold. This meansthat, for any given x and y, Eq (9) has either one or threesolutions. The proje
tion of the edges of this fold to theplane (x; y) is pre
isely the envelope Y (X), whi
h shouldbe found from the system of equations:2t3 + t(1� 2y)� x = 03t2 � y = 0 9=;! 27(y� 1=2)3� 8x2 = 0 (10)and, as it is seen from Eq (10), has the shape of the half-
ubi
 parabola. The 
usp of the enveloping 
urve at thepoint (0; :5) 
orresponds to the void of the fold of the en-veloping surfa
e.3. Evolute and envelope. Consider a pendulum, re-stri
ted from above by a rigid body. The 
ontour of thisbody is shown in Fig 3 by 
urve C. Pendulum suspensionpoint let be A, and the length of the string let be equalto the length of the ar
h of the 
urve C between points Aand B. So, let us keep the heavy body at the point B and,therefore, the string goes along the 
urve C. After we re-lease the heavy body at the end of the string, the pendulumswings, drawing the 
urve C', 
alled the evolute of 
urve C.The property of the evolute is that the normal straight line
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Figure 3: Evolute Pendulum.ni at any of its point is tou
hing tangentially the dual 
urveC. Therefore, the dual 
urve C is an envelope of the familyof the normals ni of its evolute C'.EXAMPLE. Show that is the 
urve C is a 
y
loid, thenits evolute is identi
al 
y
loid, shifted by half a period tothe left (right) and by its hight down. Find the length ofthe total ar
h of a 
y
loid.


